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O , Abstract. For a field F of characteristic zero and an additive subgroup G of F, a Lie algebra 

^ ; B(G) of Block type is defined with basis c\a € G, — 1 < i 6 Z} and relations = 

Q ■ ((i + 1)(3 — (j + l)a)L a+ p i + j + a5 aj _p5i + j-2C, [c, L a j] = 0. Given a total order >- on G compatible 

. with its group structure, and any A £ B(G)q, a Verma i3(G)-module M(A, >-) is defined, and the 
irreducibility of M(A, y) is completely determined. Furthermore, it is proved that an irreducible 

| highest weight *B(Z)-module is quasifinite if and only if it is a proper quotient of a Verma module. 
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§1. Introduction 

Block [B] introduced a class of infinite dimensional simple Lie algebras over a field of 
^ ■ characteristic zero. Generalizations of Block algebras (usually referred to as Lie algebras 
\ of Block type) have been studied by many authors (see, for example, [DZ, LT, SI, S2, XI, 
^ ■ X2, WZ, ZM]). Partially because they are closely related to the Virasoro algebra (and some 
^ \ of them are sometimes called Virasoro-like algebras), these algebras have attracted some 
^ <—| attention in the literature. 

Let F be a field of characteristic and G an additive subgroup of F. The Lie algebra B(G) 

^ \ of Block type considered in this paper is the Lie algebra with basis {L a i,c\a G G, i G Z, 
> . 

i > — 1} and relations 



[L aji , Lp tj \ = ((i + 1)13 - (j + l)a)L a+ p ii+j + a8 a ^8 i+j ^ 2 c, [c, L a}i ] = 0. (1.1) 

Let 

B{G) a = span{L Qji | i > -1} + 5 afi ¥c. (1.2) 

Then B{G) = @ a eGB{G) a is G-graded (but not finitely graded). Throughout this paper, we 
fix a total order " on G compatible with its group structure. Denote 

G + = {x G G | x y 0}, G- = {x G G | x -< 0}. 



1 Supported by a NSF grant 10471096 of China, "One Hundred Talents Program" from University of 
Science and Technology of China. 
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Then G = G + U {O} U G_. Setting B{G)± = ®± a yoB(G) a , we have the triangular decom- 
position 

B(G) = B{G)_®B{G) ®B{G) + . 

Note that B(G) = span{L ,i | i> — 1} © Fc is a commutative subalgebra of B(G) (but it is 
not a Cartan subalgebra). 

A £>(G)-module V is quasifinite if V is finitely G-graded, namely, 

V = @ aeG V a , B{G) a V p C Va+p, dimK < oo for a,/3eG. 

Quasifinite modules are closed studied by some authors, e.g., [KL, KR, SI, S2]. In [SI], it 
is proved that a quasifinite irreducible £>(Z)-module is a highest or lowest weight module 
and the quasifinite irreducible highest weight modules are classified. The main result of this 
paper is the following. 

Theorem 1.1 (1) An irreducible highest weight B(Z)-module is quasifinite if and only if 
it is a proper quotient of a Verma module. 

(2) Let A e B{G)* . With respect to a dense order " y" of G (cf. (2.3)), the Verma B(G)- 
module M(A, >-) is irreducible if and only if A ^ 0. Moreover, in case A = 0, if we 
set 

M'(0,y)= VL_ auh ---L aktik v , 

k>0,ai,--- ,a k £G+ 

then M'(0, >-) is an irreducible submodule of M(0, >-) if and only if for all x, y G G + , 
there exists a positive integer n such that nx >- y. 

(3) With respect to a discrete order " y" (cf. (2.4)), the Verma B[G) -module M(A, >-) is 
irreducible if and only if M a (A, y) is an irreducible B(aL) -module. 

§2. Verma modules over B(G) 
Let U = U[B(G)) be the universal enveloping algebra of B(G). For any A e B(G)* Q (the 
dual space of B(G) ), let I (A, y) be the left ideal of U generated by the elements 

{L a>i | a y0,i>-l}u{h- A(h) >l\he B(G) }. 

Then the Verma B{G) -module with respect to the order 'V is defined as 

M(A,y) = U/I(A,y). 

By the PBW theorem, it has a basis consisting of all vectors of the form 

L- ai ,iiL-a2,i 2 ' ' ' L- ak: i k VA, 
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where v\ is the coset of 1 in M(A, >-), and 

— 1 < ij G Z, -< cxi =4 • • • =4 a k, and i s < i s+ i if a s = a s+i . 

Note that M(A, >~) is a highest weight £>(G)-module in the sense that M(A, >~) = (B a =4oM a , 
where M = ¥v\, and M a for a -< is spanned by 

L- ai ,iiL-a 2j i 2 ■ ■ ■ L_ akjik V\, (2-1) 

with ^ > —1, -< ai =4 ■ ■ ■ =4 ®k, and a± + • • • + a k = —a- Thus M(A, >-) is a G-graded 
£>(G)-module with dimM_ a = oo for any a G G+. 

We call a nonzero vector u G M a a weight vector with weight a. For any a G G, denote 

B{aL) = span{L nafc | a E Z,k > —1}, 

a subalgebra of B(G) isomorphic to £>(Z). We also denote 

M a (A, y) = i3(aZ)-submodule of M(A, y) generated by v A . 

Denote 

B(a) = {(3eG\0^(3^a} for a G G+. (2.2) 
The order " is called dense if 

= oo for all a G G+, (2.3) 

it is discrete if 

£(a) = for some a G G+. (2.4) 

Proof of Theorem 1.1(2) and (3). (2) Suppose the order " is dense. For each m G N = 
{1,2,...}, set 

V m = ^ ^L-auh ■ ■ •£-a.,t.VA, (2-5) 

0<s<m, ii , - - -i s > — 1 

where i s < i s+ i if a s = a s+ \. It is clear that L a ^V m C \/ m for any ct G G+, k > —1. 

Let -u 7^ be any given weight vector in M(A,y). We want to prove that v\ G 
U(B(G))u if A 7^ 0. We divide the proof into four steps: 

Step 1. We claim that there exists some weight vector u G U(B(G))u such that, for 
some r G N, 

u= ^2 a k L^ £rikr ■ ■ ■ L^ £ukl v A (mod V r -i) for some a k G F, 

fci,- ,fc r eN 
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where -< e r -< • • • -< e±, and 7^ G F for some k = (k r , • • • , hi). 

It is clear that u E V r \ V r -\ for some r G N. If r < 1, our claim clearly holds. So we 
assume that r > 1. Hence we can write 

u = ^ a^iL-auh ■ ■ -L_ ar:ir v A (mod K-i) for some (yGF, 

where a = (cti, a r ), i = (ii, i r ), and we denote 

(a,i) = ...,ot r ,i u ...,i r ). 

Let J = {(«,£) I Oa,i 7^ 0}. By assumption, 7^0. For any a and a' = (a[, ■ ■ ■ ,a' r ), we 
define 

ay a -<=>- 3 s G {1, r} such that a s y a' s , and a t = a' t for t > s. (2.6) 
Similarly for any i and j/ — , i' r ), we define 

i > i' •<=>- 3 s G {1, r} such that i s > i s , and h = i' t for t > s. (2.7) 
For any (a, i), (a',i') G 7, we define 

(a, i) y (a 1 , if) -<=>- ay a, or a = a', i > 1. (2.8) 

Let 

%j) = (A, • • • ,p r ,J U ■ ■ ■ ,j r ), ^ fa 4 ■ ■ ■ 4 Pr, 

be the unique maximal element in I. Then we can write (3 as 

(3 = ...,p s ,p r , ...,p r ) for some se{l,...,r}. 

By the assumption that " >- " is a dense order, we can always find some S\ G G + such that 

£1 -< Pi and G G + | P r — S\ -< x -< /3 r } fl {a r , a r _i | (a, £) G I for some 2} = 0. 

Using relations (1.1), and noting that p. r — e\ — at >- if a\. ^ P r , k G {1, • • • , r}, by choosing 
fci>0 with fci G N, we see that 

Mi := Lp r _ £lM u Q = ^ a al L -ei,k[L- auil ■ ■ ■ £- Qr ._i,v_i^A (mod K-i), 

(Hai 1, fe^eN 

for some G F. Set 

b±.)J_ 

/W = {(£!,«!,... fci, ii,... , i r _i) I a£l^Q}. 
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The coefficient corresponding to 

= (E 1 ,P 1 , ■■•Pr-l,ki+js+l,jl,-- - Jr-l) 

j^) maybe not the maximal element in J*- 1 -*) is 

—m((ki + l)P r + (js+i + l)(/3 r — 7^ for some m G N. 

Thus /W ^ 0. 

Now for p — 2, • • • , r, we define recursively and easily prove by induction that 

(i) Let e p G G + such that e p -< £ p _i and 

G G | /3 r _ p+ i - e p -< x -< Pr-p+i} n {a r _ p+ i, a r _ p | (a, j) G = 0. 

(ii) Choose k p > and let w p = Lp r _ p+1 _ e ^ kp u p -i. Then, for some G F, 

u p = a( £j_ L -e v ,k' p ■ ■ ■ L_ euk[ L_ auil ■ ■ ■ L_ ar _ ptir _ p v A (mod V r ^). 

O^ai ^■■■=^ct, — p 

(iii) Let 

/(p) = {( £ P r-- - , "r-p, • • • ,A;i,ii,--- , j r _ p ) | a^] ^ 0}. 

Then I® ^ 0. 

Now our claim follows immediately by letting p = r. 

Step 2. We claim that there exists some weight vector u G U(B(G))u such that, for 
some r G N, 

it = L_ £rtkr ■ ••L- ei>kl v\ (mod K-i), 

where kj > —1, and -< e r -< • ■ • -< S\. 

By Step 1, there exists some weight vector u G U(B(G))u such that, for some r G N, 

u = ^ dkL~e r ,k r ■ ■ ■ L- £l>kl VA (mod V r -i) for some G F, 

fci,- ,AveN 

where -< e r -< ■ ■ ■ -< S\ and 

K:= {k = (k r ,--- ,A; 1 )|afe^O}^0. 

Let 

J = (-1, • • • , -1,3s, ■ ■ ■ ,ji) with 3s ^ -1, 
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be the unique maximal element in K (recall (2.7)). Assume that K is not a singleton. Then 
i ^ (-!,■■■ ,-1). Set 

5 = min{{ej, Sj — e,i | 1 < j < i < r} n G + }. 
Let e' G G+ such that e' -< 5. Then 

r 

1^,-1"" = ^ ^-{ k j J r i y a kL- £r ,k r ---L_ £j+uk]+1 

x L £ /_ £j)fej ._iL_ £3 ._ 1)fej ._ 1 • • • L_ £lM v A (mod U r _i). 

The term 

appears in L £ _i • u, since the corresponding coefficient is —{j s + l)a? 7^ 0. Using the same 
arguments as above and the induction on max{/c r + • • • + k\ \ a k ^ 0}, we see that there exists 
some weight vector u G U{B{G))uq such that 

u= ^2 daL-au-i ■ ■ ■ L- ar -iVa (mod U r _i) for some a« G F. 

Using the same arguments as in Step 1, we can prove the claim. 

Step 3. We claim that there exists some e G G+ such that L_ £ ^va G U(B(G))u for 
k > -1. 

By Step 2, there is a weight vector u G U(B(G))u such that 

U = L_ £r ^ r ■ ■ ■ L_ £l ^ 1 V\ + ^a,J^-OLx,i\ ' ' ' L-oh^va, 

0<Kr,0~<a 1 =4---=4a l 

for some fr^i G F, where -< £ r -<•••-< £i. Assume that -u ^ Fva. 
Set 

Jo = = (cti, • • • , oil) | ^a,i 7^ for some i}, j^ -* = min{£ r , ai | a G Iq}. 
Let £ G G+ such that e -< Assume that u G M\ (cf. (2.1)). By relations (1.1), we have 
L-\- £ ju = /(—A — e)L- e> j+k r +...+k 1 VA + J2 b a,i9a,i(—^ — e)L_ £j j +il+ ... +il VA 

l<l<r,0-<a 1 4—4ai 

= {/(-^ ~ £ ) + E b <x,i9a,i(-^ ~ e)}L- e j +kr+ ... +kl V\ 

l<l<r, 0^.ai4-=4ai 
ilH h«;=fciH hfc r 

+ E b a,i9a,i(-^ ~ £)L- £ ,j+i 1+ ... +il VA G U(B(G))uo, 

l<Kr, O^ai^-'-^a; 
ilH Mj^fclH hfe r 
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where in general f(x) and ga,i{x) are determinants: 

j + k r + ■■■ +k 2 + i h + i 

X — 6 r — • • • — 62 — El 

j + h-\ hifc-i + l + l 

x — ai — a k -i -a k 

Since deg f(x) = r > deg ga,i(x) for all a G Iq, we can find e G G + with e -< such that 

f(-x-e)+ Yl yy A - £ )^°- 

l<l<r,0^a 1 ^4---4a l 

So we obtain some vector 

u = (aiL_ 6)il H h a n L_ £jin )v A G E/"(jB(G))ito, 

for some 7^ ai, • • • , a n G F. Choosing e' G G + with e' -< e, using 

£ £ - £ ' -1« = -(£ - + l)-^- £ ',u-l H h «n(«n + l)£- e ',i„-i)uA £ E/"(B(G))uo, 

and induction on max{ii, • • • ,i n }, one can deduce that there exists some e' -< e such that 
L_ £ ,_ l v A G U(B(G))u . Let e" G G+ such that e" -< e'. Then 

L^^va = -((k + l)e';r%'-£",fc£-£',-i^A G U{B(G))uq for all fc > 0. 

This proves our claim. 

Step 4- We claim that if there exists some e G G + such that L_ £yk v A G U(B(G))u for all 
fc > —1, then L_ X:k v A G U(B(G))u for all fc > — 1 and all x G B'(e), where B'{e) is defined 
by 

B'(e) = span z + {y G G+ | y 4 e}. 
Let e' G G + such that e' -< e. Then 

L- e >, k -!V A = —((k + l)(e - e')r%- e ',-i£- e ,^A e U(B(0))uo. 

Since 

(A; + l)e'L_( £+£ / )ife _it;A = L_ £ / _iL_ £ife v A - L_ £ife L_ £ / _id a G U(B(G))u , 
it follows that L_( e / +e ) jfc i; A G U(B(G))u for all /c > —1. Similarly, we deduce that 

L- x ,hV A G U(B(G))uq for all /c > — 1 and all x G Z + e + Z+e'. 
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/(*) = 



j + 1 fc r + 1 



j + k r + l k r _ 1 + l 



9a,i(x) 



j + l h + l 

X —OL\ 



j + + 1 i 2 + l 

X — (X\ —0:2 



Our claim follows. 

By Step 3, we have L- £ >-iv A G U(B(G))u for some e' G G + . From 



L e , -iL_ £l _iV A = e'c ■ v A = A(c)v A , 
L el , k L- £ ,-iV\ = — (k + l)e'L 0t k-iVA = —(k + l)s'A(L 0t k-i)v A for A; > 0, 

it is easy to see that v A G U(B(G))u if A ^ 0, hence in this case, M(A, >-) is irreducible. 
On the other hand, if A = 0, then it is clear that 

M'(0,0)= ^iA-^.^ 

fc>0, ai,— ,a k eG+ 

is a proper ?7(£>(G))-submodule. Assume that for all x, y G G + there exists a positive 
integer n such that nx y y. By Steps 1-4, there exists e' G G + such that L_ ne i_]VQ G 
M'(0, 0) for all n G N. Thus for any z G G+, using y = rae' 2 for some n G N, we have 

L- z , k -iV — —((k + l)y)- 1 L y _ Zjk L_ m _ 1 v Q G M'(0, 0) for all k G Z + . 

We see that M'(0, 0) is in fact an irreducible £>(G)-module. 

If there exists x, y G G + such that Ni -< y, then -B(x) -< y (cf. (2.2)). It is easy to verify 
that 

W = U(B(G)){L_ z , k | z G B(x), k > -IK, 
is a proper submodule of M'(0, 0) since L_ y v A £ W. 

(2) Suppose the order " y" is discrete (recall (2.4)). Note that aZ C G. For any x G G, 
we write x >- aZ if x y na for any n G Z. Let 

= G G | x y aZ}, H_ = -H + . 

Denote by B(H+) the subalgebra of B(G) generated by {L a>k \ a G H + , k > —1}. It is not 
difficult to see that G = aZ U H+ U if_. Obviously, B(H + )M a (A, y) = 0. Since 

M(A, ^) £/(B(G)) ® t ,( B (aZ) + B(ff + )) M a (A, ^), 

it follows that the irreducibility of £>(G)-module M(A, >-) imply the irreducibility of B{aL)- 
module M a (A, >~). 

Conversely, suppose M a (A,y) is an irreducible £>(aZ) -module. Let -u ^ Ft>A be any 
given weight vector in M(A, >-). Then u EV r \ V r _\ for some r G N. We want to prove that 

8 



U(B(G))u n M (A, ^) ^ {0}, from which the irreducibility of Af (A, >-) as a B(G)-module 
follows immediately. 
Write 



u o = 2^ a a jL_ a / • • • L_ a/sjfs L_ aiJl ■ ■ ■ L_ ar _ sJr _ s v A (mod K-_i), 

for some a„j G F, where j t > j t+ i if a t = a t+ i, and j' t > j' t+1 if a' t = a' t+1 , and 

(<5,j) = - ,«r- S ,ji,--- ,fs,jl,--- ,jr-s)- 

Let 

^ = {( a L • • • • • • ,Ur-s,j'l, ■ ■ ■ JsJl, ■ ■ ■ Jr-s) | a S J 7^ 0}. 

By assumption, I ^ 0. 
For any 

(a,j) = (ai, • • • ,a' s ,a!, ■ ■ ■ ,a r _ s , j[, ■ ■ ■ ,j' s ,ji, ■ ■ ■ ,j r -s) e I, 

(7,0 = (7i,--- ,7t>7i>--- ,7r-t,ii,--- ,k-t) e I, 

we define (a, j) (7 J) if and only if (cf. (2.6)-(2.8)) 

(a r _ s , ai, a£, ai, j r _ s , -,ji,j' s , >- (7r-t, -, 7i> 7t> -> 7i> k-t, -, ii, ^, -, 

Let 

i) = (Pi, , 1 P m i Pit 1 Pr—mi i\i i^f H+li ' ' V— m) 

with /9( 7^ be the unique maximal element in J with respect to >-'. Note that — a^. 
a )p ii (3[ ^ a' k . Then for fci 3> 0, we have 

u(l) := L^ aM u = E 4j L -«iJl • " " L -<-i^_i 

a l>""' i a l-i6ff+, "l,--- ,a r - s eaZ + , 

x L_ a ^L_ auh - ■ ■ L_ ar _ s ^ jr _ s v K (modK-i), 

for some a^X G F. Set 

(P, i)^ = (P[, — , — , /3 m , a, Pi, Pr-m, i'i, —, i't-i, i't+ii ■"? 'Li ^1 ~l~ V-m)- 
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The term 

appears in u(l) since the corresponding coefficient is 

-m((A;i + 1)(3[ + + 1)(# - a))a^- 7^ for some m G N. 

Thus 7^ 0. Now for I — 2, • • • , r, we define recursively and prove by induction that 
(i) Choose h 3> and let u(l) = L a > - a k,u(l — 1). Then 

v ' / / a,j "l'Ji a s _;iJ s _i 

fei,-,fe i '€N,a' 1 ,-,a^_ j eif + , 
ai,--- ,a r . 



x ^-o,fc| • • ' L- at k[L_ aujl ■ ■ ■ L- ar _ B j r _ s v A (mod K-i), 

for some a^-. G F, where >p ■ • ■ >p ol' s _ u ol\ )p • • • >p a r -s- 
(ii) Let 

= {( a 'ir-- ,a' s _[,a,--- , a, ai,-- - ,a r _ s ,j[,--- ,j' s _ t , fcj, • • • , A^ji, • • • I 4 J ^ °}- 

Then /« 7^ 0. 

Now letting I = m and noting that u{m) is a weight vector, we obtain that 7^ it(m) G 
U(B(G))u n M (A, >-) as required. □ 

§3. Verma modules over £>(Z) 
Following [SI], we realize the Lie algebra £>(Z) in the space ¥[x, x _1 ,t] © Fc with the 
bracket 

[x a f(t) : xPg(t)} = x a ^((3f'(t)g(t) - af(t)g'(t)) + a5 a ^f(0)g(0)c, (3.1) 

for a, (3 G Z, f(t),g(t) G F[£], where the prime stands for the derivative ^. 
We denote 

L aji = x a t m for a G Z,i > -1. 

Then (3.1) is equivalent to (1.1). 

We always use the normal order on Z. Denote by M(A) the Verma £>(Z)-module with 
highest weight vector t> A . Suppose M(A) is reducible. Let M' denote the maximal proper 
submodule of M(A), and set L(A) = M(A)/M', the irreducible highest weight module of 
weight A. Set 

A= {a G B(Z) \av A G M'} and V = A+B{Z) . 
Clearly, £>(Z) + C ^4, and P is a subalgebra of £>(Z). 
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Lemma 3.1 V is a parabolic subalgebra of B(Z), namely, 

V D B(Z) + B(Z) + ^V. (3.2) 

Proof. The proof of (3.2) is equivalent to proving 

VnB(Z) m ^0 for some m < 0. (3.3) 

Let n be the minimal positive integer such that U(B(Z))_ n v A fl M' ^ 0. If n — 1, 2, one can 
easily verify that (3.3) holds. Assume that n > 2. Then there exists a vector u of weight — n 
in M'. Write 

u = ^ Ca,jX~ a H jl . . . x' a 't jl v A £ M' for some c^j G F, 

l<i<n, ai<---<aj 
ai+---a ; =-n 

where a = • • • ,a t ), j_ = (ji, • • • ,ji), and j s < j s+1 if a s = a s+1 for 1 < s < I - 1. 
Moreover, we denote 

= («!,-•• ,Q!i,ji, ••• and 1 = (-1, • • • , -1) (n copies of -l's). 

Claim 1 cij ^ for some j. 
Write (recall (2.5)) 

u= Cajx~ ai t jl . . . x~ ar t jr v A (mod V r _i), 

Qi+---a;=-n 

where J = {(a, j) | c«j 7^ 0} 7^ 0. Assume that there exists (a,j) G J such that 1. Let 

i) = (I5 ■ ■ ■ j ij 5 5 ^s— i; isi ' ' ' ■> v) 

be the unique maximal element in J (here we use the order defined as in (2.8)), where s > 1 
and 7^ 1. By assumption, we have + Then for fc 3> 0, 

xt k - u= ^2 Ca, !j >x~ a ' 1 t j ' 1 . . . x~ a k j ' r v A (mod V r _i). 
«;<•••<< 

Set 

(A J.)' = (1, • • • , l,Ps - l,Ps+i, ■■■ ,Pr,H,--- ,i s -i, k + i s - l,i s+1 , • • • , i r ) 
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such that (f3,j)' is the unique maximal element in J'. The term 

appears in xt k -u since the corresponding coefficient is —m(/3 s k — i s )c/3 t i 7^ for some m G N. 

Thus J' 7^ and 7^ C/(B(Z))_ n+1 i> A fl M', a contradiction with the assumption. Our claim 
follows. 

Now we can write 

u= c i x ~ lth ■ ■ ■ x~H in v A + Y c 'i x ~ lth ■ ■ ■ x'H^x'H^va (mod V n _ 2 ), 

h<---<in h<-<ln-l 

for some q, c[ G F, where 

r = {i=(ii,--- ,OI q^o}^0. 

For any i, i' G we define i > £' as in (2.7). Let j = (ji, • • • , jn) be the unique maximal 
element in /'. For k ^> 0, we have a nonzero weight vector 

xt k - u— ^2 di'X' 1 ?' 1 ■ ■ • x'H^va (mod V n - 2 ) for some G F, 

i'l<-<i' n -i 

since the coefficient corresponding to 

(I,'" , 1, Jl, " • • ,jn-2,k + jn-i + i n - 1) 

is 

m(k + j n -i)(k + j n -i + j n - l)cj - (2k + jn-i + jn)dh ^ for some m G N, 

where /i = (ji, • • • ,j n - 2 ,jn-i + jn)- Thus 7^ C/(B(Z))_ n+ ii>A fl M', a contradiction. Our 
lemma follows. □ 
By the lemma 3.1, we have V-\ = Vf\B(7h)-\ 7^ 0. Let f(t) be the monic ploynomial with 
minimal degree such that x~ l f(t) G V . We shall call such polynomial charactic polynomial 
(cf. [SI, KL]). Set a = x' 1 /^). Since M' is a proper submodule, we have b- ova = for any 
b G B{Z) + . From (3.1), we have 

[xg{t),x- l f{t)]vA = Mf'(t)g(t) + f(t)g'(t) - f(0)g(0)c) = for all g(t) G ¥[t]. 

A weight A G £>(Z)q is described by the central charge c = A(c) and its Za&eZ A, = A.(t % ) 
for i > 0. We introduce the generating series 

00 z i+1 

A A (z) = c + J2 —T A i = c - A(2;e 2t ). 

i=0 
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From [SI] and the above arguments, we obtain the following theorem. 

Theorem 3.2 The following conditions are equivalent: 

(1) M(A) is reducible. 

(2) V-! * {0}. 

(3) Aa(z) is a quasipolynomial. 

(4) L(A) is quasifinite. 

Now Theorem 1.1(1) follows from Theorem 3.2. 
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